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IN'lRODUCTION 

The application of semi-analytical methods for the analysis 
of two and three dimensional structural problema has been the 
subject of considerable research interest in recent yeara~ These 
methods are especially advantageouB for the structures having 
regular geometric planea and simple boundary conditions. rhe 
finite strip method aa a semi-analytical procedure has been rec
ently d.veloped by CHEUNG 11,2J. 1hia method can be considered 
aa a special form of the finite element procedure using the dis
placement approach. Unlike the finite element method, which uses 
polynomial displacement functions in all directions, the finite 
strip method calla for use of Simple polynomials acrOSB the wid
th of the strip and harmonic series in the longitudenal direct~ 
ion. These seriee should satiefy a priori the boundary condit-" 
ions at the ends of the strip. The most common series used are 
the basic functions, which are derived from the solution of beam 
vibration differential squation6 These basic functions have been 
worked out explicitly by VLAZO;" [)J for the various end condl t
ione. This method has prov9d to be an economical and accur~te 
meane of treating a clarw of structural problems. 

Mors recently a new aerr.i-analytlcal procedure named. " T:w 
nodal line finite difference method II (N.L.I<'.D) has been devel
oped by the auther (4) for the analysis of elastic plates witt, 
two opposite simply supported ends. Tn this analysis, a trigonu
metric series is used to express the dispJacement variation 
along the nodal lines. Basic function other than trigonometrl:: 
series, is used by the suther [5] to analyze elastic plates with 
two opposite clamped ends. In this analYSis, an iteration proce
dUre haa been used to overcome the coupling property of the sta 
tic equilibrium equations. The nodal line finite difference met
hod permits the direct formulation of the plate beading problem:;; 
by reducing the partial differential equation to an ordinary 
differential equation. This method is similar to ~hat the finitp 
strip method since each uses harmonic series to express the dis
placement variation along the nodal linea. The nodal line finite 
difference method has an advantage over the finite st~ip method, 
since the number of the unknown parameters along a nodal ,.:.lne In 
thie method is equal to the number of terms used in the basic 
function. This is greatly less than that of the finite etrl.j-< 
method • 
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The object of the present work is to demonstrate the VerS8!-
ility of the nodal line finite difference method in the analysiu 
of plates with variable flexural rigidity. In general, variab ~ (~ 
flexural rigidity createe numerous mathematical difficultieB. 
The complexity of the n exact It solution depends considerably on 
the expressions representing the flexural rigidity and that of 
the applied loading. The problems related to platee with varia
ble flexural rigidity can seldom be solved by the analytical 
methods. Consequently the solutions are usually obtained viq 
approximate and numerical techniques. 

The proposed technique is used to analyze rectangular plate~ 
with variable flsxural rigidity under distributed and triangular 
types of loading. In this analysis, a trigonometric series has 
been used to express the displacement variation along the nodal 
lines. In order to simplify the analysis, the variation of plate 
thickness is considered as a single variable function of the 
direction perpendiculer to the nodal lines. In addition, it is 
assumed that no abrupt change of the plate thickness occurs in 
that direction. Although the present formulation i8 restricted 
to the trigonometric seriss fitted the simply supported end cOn
ditione, basic funotions corresponding to a variaty of other 
boundary conditions could be adopted. 

METHOD OF ANALYSIS 

a - Nodal line finite difference equation 

In deriving the differential equetion of equilibrium of reC
tangular plates with variab.!e thickness ,it is aa.Ulned tha t the:'e 
is no abrupt variation in thickness of the plate~ The flexural 
rigidi ty B in this case is no longer a constant but a functior. 
of the coordinate x and y of the plate surface. The differential 
equation which represents the equilibrium condition of an elem
ent of the plate with variable thickness takes the following 
form: 

, 
lJ (w .. ··+2· W""+W"I'J + 2 B' (w"'+W' II } + 2 B, (W"I+WIlI) 

+ (B"+B"J(w"+w"r - (1-v)'(B"w"-2 1\"w"+B"w") " q ( 1 ' . , 

As a particular application, let us consider the case of 
elestic isotropic plates in which the flexural rigidity B is 
a function of x coordinate only and constant in y direction. For 
this case, equation (l) can be written as follows, 
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Fig. 1 shows Borne selected different cross-sections for tJ1<l-
tea having variahle thickneaa in x direction. 
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In applying the' nodal line finite difference method to calc
ulate th~ deflection and the internal forces in a given rectan
gular plate with variable thickn~BB, let us begin by dividinG 
'he: plate into a mesh of factitious nodal linea as ehowll hI 
Pig. 1. According to the prescribed houndary c~ndition6 of the 
two oppoeite ende perpendicular to the nodal lines, a basic fUn
ction has t,o b~ chosen to express the displacement vuriatior; 
along the nodal lines. The displacement fUnction at each nodal 
11n~ 16 expressed as a summation of the chosen basic fUnction 
tt'J!t"ms multiplied o..'Y a single variab'le functions aa a nodal line 
parame'tera. The displacement function at any nodal line labelled 
k shown in Fig. 1 can be written in the following form 

~ 

w
k 

~ z:. f k(x}, Y_(y) 
~"1 m ~ m 

(n 

Let ue restrict our attention here to plates with two OppCH
ita simply Bupport&d ends perpendicular to the nodal lines. The 
ohaean basic function fitting the boundary conditione nt the tw 
ends of the nodal lines ia a trigonometric aeries ~n the farm 

( 4 j 

Resolving the load into aeriee similar to thllt of the chol"er. 
baaic function and Bubstituting equations (J) und (4) into e:;u
atien (2) we get 
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For each term of the basic function equation (SJ takeo the fOri:" 

BO' applying the 
x direction, equation 

central finite difference 
(6} CBn be written as 

technique in the 

where 
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1s the constant interval between 
the nodal lines 

and 

Equation ("(). can be written in the following fom: 

f k f f f m,k+2) m, -1 rn,k m.k+l 
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Equation (8) represents the central nodal line finite diffe
rence equation for th~ plateB of variable flexural rigidity in 
one direction only (x direction) 

Applioation of equation (8) at each nodal line of the plate 
gives a system of simultaneous algebric equationa, which can be 
written in the matrix rorm aa follows: 
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where (SJ m ie a equare band matrix, 

e - .... 
v. l i 

{flm ie the vector of the unknown nodal line pnra:nett:co., 

and {PJ m is the load vector. 

The 
stored 
Where ],I 

square band matrix rSlm whose band width equal 5 
in a rectangular matrix having the di~ensiQns 
is the number of the nod-9.1 lines of the pla.te~ 

b - Internal forces 

can be 
of Mx5· 

For the elastic isotropic ~lates having variable 
in one direction (x direction), the internal forces 
length at Bny point are given by 

thicknes}.) 
per unit 
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c ~ Boundary conditions 

The boundary conditione are the conditions at the eQ~e:, 
which must be prescribed in advance in order to obtain the solu
tion ot a. specific plate bending problem. The application of the 
nodal line finite difference method in the analysis of rectangu
lar plates in banding requires the division of the plate into 
a mesh of parallel nodal linea. The two opposite ends perpendic
ular to the nodal lines control the choiae of the basic functioG 
diacribed the displacement variation along the nodal lines. The 
otber two opposite ends can take any combination of boundary 
conditions. 
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The analysis of plate bending problema via the propose:.: 
technique requires the application of the central noda1 line fi~ 
nita difference equation at each nodal line withen the plnte 
inoluding the edge nodal linss. If the pivotal nodal line k lS 
at the left or the right edge(fig.2), two fictitious nodal lines 
outside the pla~e must be introduced. According to the prescri
bed boundary conditions at the edge nodal lines, the perametero 
Of the exterior nodal lines have to be expressed in terms of the 
edge and the two adjacent interior nodal linea. Thus the parame
ters of the exterior nodal lines can be written in the following 
form , 

1 Simply supported edge , - " wk = 0 ( •• " ,I 1 0 , w + 7 W k ~ 

f ro,k = 0 

fm k-1 = f mtk +1 • 

f mt K-'2 = - f m•k+ 2 



2 - Clamped edge 
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3 - Guided edge [ w

k 

4 

f m,k =P-

f m"k-1 = 

f m,k-2 -
- Free edge 

f m,k 

where 

O 

f rn,k+1 

f m,k+2 

[ ( 
W \ 

o 

"'f, = (2+~4J~) , 

, 

1 
j 

= 0 , 

-, 
I 

f 
I 

J 

( w'" + 

L. 

W · (I, - 0 
'k - J 

; 1 I' 

" , \ ,'-<-

{ ... (2 ,1\ "//1 • 
I W --- -I"W 'k"''-' 

+ f m,k+2 

~.---~I-~ 

L , , 
; "::.;<;·.ex' ""'x i..6,,( -,,,, ___ ,!-" L. ~ ... __ ~ J.. 



C. 20 Y<jU!j~)BF AGAG 

NUMERICAL EX~~PLSS 

The proposed technique has been used to ana.lyze thin ela~tiL 
isotropic rectangular plates having variable flexural rigicilt, 
in one direction. Two oppoait& aides of each plate are consider"' 
ed as simply aupported t while the other two sides can taKe nny 
combination of bounda.ry conditiona6 Pour examples have been Be:·
acted to demonstrate the efficiency of the proposed technique. 
Only the odd terms of the basic function are used because c;' 
symmetry in direction of the nodal lines. Informat:tons regarc.in,e 
boundary conditiona, type of loading and variation of t!':icknlj5t" 
o.f the plate are illustrated in Figs. 3 ar.d 4. 
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1 - Analysis of squl"ire plate simply supported on fO~lr sides Bel-e
jected to trapizoidnl distributed loae. Fig. J. 
OlIO. of terms 0 1 - 3 - 5 - 7.L>x; f!124. Ria ~ 1,,,. ;;.1', 

Square plata with linear variable flexural rigidi t,Y haG bee; 
analyzed. The p1~te is divided into a mesh of twepty five ~oda: 
lines i.e Ax = E/24. The analysis 1s carried out for selected 
number of terms Of the basic function~ The results ootained are 
summarized in Table I. -Comparison is done with those of the 
finite strip, the finite element and the exact solution results 
presented in Table 5 (H'EFFERE1W.c; [2]). The results demonstratfl 
a close agreement with thess known solutions. 

1'ttbl. :. SqU'lnl plate with l1m;"r "arlllble [le;:';U1'>:11 rigidity ai::llply e'-lpport"d em fDUl" 
aidee undar trnpatOldal dletribwtmd loec : rig. 3) 
- ~.--~---~-~---~-- ---- --------~---

Source ~ propDeed fechnlqu~ Source 1 Tabl, S Re!e:,nc& (2) 

PolS!lol'\'j\ .ox " e/24. 25 Noc!!i Linet! m .. 1 12 J:Hem"'Dt& I' 

1 h\tlD 25 BquetlonB 126 Squ6tion.e 21) ... ~:.;t\tt()naj ! 

r
- , ,I v • C.16 iPoint I N£. 0: Termu 

-

----;:, ;;t ----;:--::--l~ 996 
'5 0.)079 I C.}04J 0.)106 

}51 0.3272 I Q.)2)4 I 0.)264 
~1, 0.27'2 0.2676 0,2724 , 

, 1 , 7 
--_._--

. , 0.1994 0.19M' 0.~9.67 O. ! <j 

D!!flecUon .. , O. )080 o. )04'3 0.304') O. )04 

1 Q,3271 0, )235 O. nJ"i o. J2 , , , 0,21'0 0 • .267B 0.26 77 0.26, w.tt 50/41'1'0. I 
i 5 0.1"i49 0.1527 Q"~26 0, 1~ 

~---

, 0.1'1)6 0.("'15 O.fl14 O.BI 

JlOlllant " 2 1.2&5 1.242 1 • 24; 1.24 

1 1.47f'l , .452 , .451 1.45 

i ) 2 
lilt' Tr /4Qol1 , , ;. ,)07 1 .469 1.46(1 1.4& , t.l60 1.129 I • 12£ 1 , 12 

----, Q.559 0.5 ,6 0.51J 0,51 

MOllient My , 
i ' ,2'09 1.121 1.116 1. • , 

1 1.617 1.555 1.54" 1. 54 , , 
4 1 .144 1.604 1.596 1.59 .,.n /4fl(!11 , 1.2;>6 1, , \:( 1,10) ~ • 10 

2 - Analysis of rectangular plates simply supported on four Bi~~
ee subjected to uniform load of intensity q, Fig. 4-a 
(NQ, of terme, 7 ,Ax ;{J/4C.<K = tm/to ,;t= .(lIn -y = 0.'-

Rectangular plates with different ratios of rectar.g:..;,l?:rity h~ 
and thickness ratios re have been analyzed. 'The analysis deal:., 
with the effect of thickness ratios ~ on the deflectiofi. and trw 
internA.l forces of the plate. Due to symmetry, only half of ::'1· 
plate (divided into twenty one nodal li~e8 i.e..:!:..x --", ~/4~) -I->u; 
considered in the analysis. Regarding tne central point 0 .. v',18 

plate, results are presented in I"i form of n':lmerical factors 1:1 

Tables 1, 2 Rnd J (Al'FINDIX I). These nUr.Jerical factors are p tc
tted in curves shown in Figs. 5-n, 5-0 and 5-c. 
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The curves show decrease of the central de:'lectior. and l!;,' 

resse of the centrnl moment My with the i.:1crease of the th: :-::k',-
ess ratio ~ (for different ratios of rectangul1J!'ity k; 8.S ~X.I 
ected. It should be mentioned thqt, while the central mome:-j~ J":,\ 
increases with the increase of the thickness ratio 7t€ for tt>, 
ratios of rectangularity k. ~1, it decreases fot' the ra>-iot-O C 
rectangu1arity A. ') 1 ~ 

) - ~nalysie of square plates clamped on sides 
6upported on the other two sides supjected 
of intensity q. Pig. 4-b. 

A C and S:j. s irq.J ,: .-' 
to uniform lor1': 

(NQ. of terms. 7 , AX = 1'/100 ,?f'-t!t e 0 

Square plates having ha~ncheB wtth increased thickness town 
I'd the clamped edges have been analyzed. T'he analysis aims a'" 
the study of the effect of thickness ratio d€ and length r~t:oB 
of haunches on the deflection and the internal forees of tJ.i~' 
plate. T"he ana.lysis was performed for hn]!' of the pl'lte (divi::ie:; 
into a fine meeh of fifty one nodal l;;'nes i.e L!..x = -f/1CO) Dec 
Buse of symmetry. The results was obtained in a form of numeric 
a1 factors especially for the central point of the plate Bnd the 
middle point of the clamped ede;es. These factors A.re given ':'r. 
mablee 4.5,6 and 7 (AJ:'PENDIX I)~ Moreover t.r.e8e r.uwcric3l fac
tors are plotted against the thickness ratio ~ for different 1'Z!!1·
gth ratios;; in a form of curves shown in Figs. 6-0. 6-'0. G-..:: 
and 6-d. 

An inspection of Fig. 6-0. le'ude to the cO:1clusion that, the:' 
increase of either the thickness ratio X or the length ratio /1 
of the haunch decreaees the deflection at the central point 0':" 
the plate. It can also be concluded that t the central moment ~x 
and My decrease against increasing the thickness ratio Qe. Ur. 
the other hand I increasing the length ratio /3 :nay decrease or 
increase the central moment Mx and My~ This is clearly illuutra
ted in ths disarrangement of the length ratio curves (0 </3.$0.5) 
given in Figs. 6-b end 6-c. 
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The increase of the thiekneo6 ratio ()( of ::.he hau.r;ch incre-',
Bea the fixation momer.t Mx at the cla.mped edges. F'ii5" 6-d 81"oW,
that, for e-aeh length ratio fd there 10 un optimal thickne~~ 
ratio ~ at which the maximum vnlue of ~he ffioment Mx at the miJ
dIe point of the clamped edges is occured. Any value for tr.>' 
thickness ratio ~ beyond the optimal one will decT"e8.se the res
ultant moment Mx~ This is due to the rapid decrease of the def
lection of the plate at the neighbourhed of the clareped edges. 

4 - Analysis of square plates clamped on side 
ted on the other three aides Bubjected to 

AC. simp:y euppor
triangular distri-

buted load. Fig. 4-c 
(NO. of tern. = 7 ,L>x = (/50 , .;;.e""t/t e' 0 

Square plates with one haunch at the clampec. edge 'Jr.der tr::
angular distributed loud have been analyzed. The Fl.nalyais 1", 
perfamed to study the effect of the haunch on the deflectioL 
and the icternal forces of the plate. In this analysis. the ~::n
te ie divided into a mesh of fifty one nodal lines (A X "" tiS,.';. 
The resul ts obtained are presented in a fom: of nJ;';jcricnl LIC t·
ors for central point of tte plate Bnd middle point of the C~ai!l
ped edge. These results are summarized in the Tablee 11.9,to- RfJ: 

11 (APPENDIX Il. In ~dditionJ plotticg of these numerical f~ct
ora against the thickness ratio ~ of the haunct are illu8trqted 
in Figs. 7-a, 7-0. 7-0 and 7-d. 
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A. close study of F'ige. 7-a, 7-b~ 7-c and 7-d reveal that ~:~() 
haunch effect considered in the present example is B:i.mila!' :~, 
the one in the third exa.mple~ Therefore, eiT:l::lo.r conclusions cnE 
be drawn~ 

CONCLUSION 

The importA.nce of the nodal line ffni te difference metho(; 
presented herein, liee in the eaae wi th which it can be app) ied 
to bending problema of rectangular plates with variable flexural 
rigidity. Using this method,it enables one to OVercome the math
matiesl complexities of the solution of these types of problems, 
'our examples have been selected to demonstrate the efficie~c~ 
of the proposed technique. A problem for which known 8olutionb 
are available, is presented in the first example. This prot: 1 e::-, 
was selected so that e. comparison between theBe known solutions 
and the proposed one eRn be done. The results obtained demonB;
rate a close agreement with the a.vrlilable ~olution8. 1'he oChe!' 
three exa.mples Aim at the study of the effect of the plate thic
knees ve.riation on the structuTlll behHviour of the pla.te. The 
TaBul ts i.ndicate the considerable effect of plate thickneSli var
iation on the deflection and the internAl f()rces. 
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NOTATION 
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= transverse deflection. 
= length of the nodal lineB. 
= length -or width of th!> plate. 
:;;::; distance between the nodal lines. 
= modulus of elasticity. 
= variable thickness of the plate. 
~ po1aaon t a ratio. 
• variable flexural rigidity of the plate. 
= flexural rigidity at any nodal line la~elled k. 

= flexural rigidity nt a reference nodal line. 
= retio of rectangularity of the plate. 
"" thickness ratio • 
• flexural rigidity ratio at /lny nodal line labelled,. 
= nodal line parameters. 
"" chosen basic function. 
"" load intensity. 

"" square band ~atrix. 

:;;::; nodal line para:netere Vl~ctOl". 

"" load vector. 

REFERENCES 

1. CaEUNG,Y.K~: The Finite Strip Method in the Analysis of ElSti 
tic Plates with Two Opposite Simply Supporte,' 
Ends. Prac.Inst.Civ.Eng., 40. 1968, p. 1-7 

2. CHEUNG,Y.K.: Finite Strip Method Analysis of Elastic Slobs. 
PrOC.ASeE, 94, EM6, 1968, p. 1365-1318 

3. VLAZOV,V. General Theory of Shells and ite Application in 
Engineering, NASA TT F-69, April 1964 

4. AGAG,Y. : Nodal Line Pini te Difference J,~ethod for the Ar.n-
iysis of Elastic Plates with Two Opposite Simply 
Supported ~nde. The Bulle-tin of the Faculty of 
Engineering t EL-Mansoura University.Vol.9. N£.l. 
June 19R4, p. C.136-C.147 

5. AGAG,Y. The Nodal Line Finite Difference Method with 
Iteration ~rocedure in the AnalysiS of Elastic 
Plates in Bending. The Bulletin of the B'acul ts 
of .1:ngineer1ng, ~L-Man8oura Ur..iversity, Vol. n, 
N£.2, Decemher 1984, p. 8.A-C.22 

6. TIMOSHENKO,S.P. and WOJNOWSKY-KRI;lGER,3.: Theory of !'lates 
and Shella. 2nd. Ed., McGraw Hill,New York, '95(; 




